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Abstract

Spatially-discrete Markov random fields (MRFs) and
spatially-continuous variational approaches are ubiquitous
in low-level vision, including image restoration, segmenta-
tion, optical flow, and stereo. Even though both families
of approaches are fairly similar on an intuitive level, they
are frequently seen as being technically rather distinct since
they operate on different domains. In this paper we explore
their connections and develop a direct, rigorous link with
a particular emphasis on first-order regularizers. By rep-
resenting spatially-continuous functions as linear combina-
tions of finite elements with local support and performing
explicit integration of the variational objective, we derive
MRF potentials that make the resulting MRF energy equiv-
alent to the variational energy functional. In contrast to
previous attempts, we provide an explicit connection for
modern non-quadratic regularizers and also integrate the
data term. The established connection opens certain classes
of MRFs to spatially-continuous interpretations and varia-
tional formulations to a broad range of probabilistic learn-
ing and inference algorithms.

1. Introduction

Many vision problems, particularly in low-level vision
require some form of regularization and are posed as energy
minimization problems. Two basic approaches dominate
the literature: Spatially-continuous variational approaches'
on one hand [21, 26], and spatially-discrete Markov random
field (MRF) approaches on the other hand [4, 9]. Varia-
tional approaches originate in the calculus of variations and
assume that, while camera sensors may only yield spatially-
discrete measurements, the underlying quantity of interest,
such as the intensity of incident light on the sensor, is ul-
timately spatially continuous. MRF approaches take a dif-
ferent route: They assume that in order to be realizable on
a digital computer, a finite representation needs to be ulti-
mately used. Hence, the desired output as well as any in-

'We take “variational” to mean formulations based on spatially-
continuous energy functionals, which is not to be confused with variational
methods for approximate inference in MRFs.

termediate representation are taken to be spatially discrete.
Beyond that, variational models of low-level vision are typi-
cally seen as deterministic, while MRFs admit a probabilis-
tic view and regard the measurements and the output (at
least in the Bayesian case) as inherently uncertain.

An important question is thus whether and how these ap-
proaches can be related. Superficially, both formulations are
clearly similar. Yet, variational models and MRFs seem to
operate on different levels: Variational approaches involve
functions on the entire domain, whereas MRFs impose local
constraints through cliques of pixels. The question of their
relationship has been posed since the early days of regular-
ization [27], but explicit links have been demonstrated only
for a few cases [ 1 1], such as for quadratic regularizers [27].
Hence, their technical relationship has remained somewhat
nebulous, and even nowadays most work in low-level vision
is firmly rooted in one or the other paradigm. In this paper
we show that this need not be the case.

In particular, we address the widely perceived chasm be-
tween modern first-order variational and MRF approaches.
Starting from a standard variational formulation for im-
age restoration [21], we show that if we minimize the
spatially-continuous energy functional over a finite element
(FE) space of a certain degree, an explicit connection to an
equivalent spatially-discrete MRF can be established with-
out having to approximate the spatially-continuous energy
functional. The nodes in the MRF are still continuous val-
ued, however. The degree of the underlying FE representa-
tion in the variational formulation is directly linked to the
size of the cliques in the equivalent MRF. In contrast to
common FE approaches to variational problems, we do not
perform additional discretization steps, but instead carry out
an explicit, and usually analytical integration of the domain
variable. Compared to previous work [27], our approach
not only applies to quadratic, but to a wide range of mod-
ern first-order regularizers. This link also demonstrates that
certain MRFs have an explicit spatially-continuous interpre-
tation, which further tightens the connection between statis-
tical and variational approaches [22]. Moreover, this opens
variational approaches to direct and explicit probabilistic in-
terpretations and to standardized inference techniques, such
as graph cuts [5], belief propagation [35], or more advanced

In Proc. of the IEEE Conf. on Computer Vision and Pattern Recognition (CVPR), pp. 2641-2648, Colorado Springs, CO, 2011. doi:10.1109/CVPR.2011.5995498

(© 2011 IEEE. Personal use of this material is permitted. Permission from IEEE must be obtained for all other uses, in any current or future media, including reprinting/republishing
this material for advertising or promotional purposes, creating new collective works, for resale or redistribution to servers or lists, or reuse of any copyrighted component of this

work in other works.


http://dx.doi.org/10.1109/CVPR.2011.5995498

variants [12, 31]. As an example, we demonstrate sampling
the corresponding MRF prior and posterior.

Beyond the main goal of establishing such a connection,
our approach also compares favorably to the common finite
difference (FD) method: Conceptually, our approach does
not require to approximate the original spatially-continuous
energy functional; rather the functional is directly evaluated
and minimized over a finite dimensional function space.
Practically, our method improves the performance in an im-
age restoration application.

2. Background

Variational approaches. Variational approaches to low-
level vision aim to minimize an energy functional that is
comprised of a data fidelity term and a spatial term, e.g.:

E(fsu) = Ep(fiu) + AEs(f) (1)
/(f—u)zdx+)\/<p(Vf)dx. )
Q Q

This example is a slight generalization of the standard
Rudin-Osher-Fatemi (ROF) formulation for image restora-
tion [21]. The data fidelity term Ep(f;u) ensures that the
restored image f : 2 — R, a spatially-continuous function,
is close to the noisy input » : {2 — R, which is also assumed
to be spatially continuous. Similar data fidelity terms can be
used for other problems, such as optical flow [15]. The spa-
tial term Eg ( f) regularizes the problem by encouraging spa-
tial smoothness, and depending on the choice of ¢(-) allows
for discontinuities; A controls the amount of regularization.
Here we take image restoration as a representative example,
but note that many variational formulations for optical flow,
stereo, and other problems can be treated similarly.

There is a large variety of different approaches for solv-
ing variational problems. The traditionally most popular
approach is to analytically derive the Euler-Lagrange par-
tial differential equations and to subsequently discretize and
solve them numerically [e.g. 15, 21]. As noted by Pock et
al. [16], the derivation and solution of these equations can
be tedious, and the resulting algorithm may not have an in-
terpretation in terms of energy minimization. To address
this, [16] discretizes the energy functional using finite dif-
ferences and proposes minimization algorithms via algorith-
mic differentiation. Such finite difference methods (FDM)
have found widespread use [e.g. 6].

The third main category of solution methods, which we
will rely on here, is based on finite element functions [2].
The finite element method (FEM) uses local, usually piece-
wise polynomial representations for the sought after func-
tion. Like FD discretizations, FEMs approximately solve
the original problem, but do so by restricting the space of
functions over which the functional is minimized rather than
approximating the functional itself, which can be intuitively
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viewed as a discretization of the function space. An advan-
tage of FEMs is that different implementations can be com-
pared in terms of the original spatially-continuous energy.
A variety of FE basis functions have been used, including
standard finite element polynomials [2], as well as B-splines
[3, 18] and radial basis functions [8, 14]. While not as pop-
ular as FDMs, FEMs are also common in low-level vision.
For example, [33] uses discontinuous FEs to perform image
denoising while explicitly preserving edges. [30] relies on
a mixed FEM to derive a numerically stable discretization
of a variational model for fluid flow estimation. In contrast
to using the FE approach solely for the purpose of solving
variational problems, the focus of this paper lies on linking
modern variational models to MRFs.

Markov random field approaches. Most MRF ap-
proaches to low-level vision rely on a Bayesian formula-
tion. Again using image restoration as an example [9], the
posterior of the restored image o € RY*¥ given the noisy
input i € RY*N is formulated in terms of a likelihood and
a prior:

3)

The likelihood p(ijo) is an observation model and intu-
itively takes the role of the data term from Eq. (1). The
prior p(0) models the a-priori spatial regularity and intu-
itively corresponds to the spatial term from before. Note,
however, that input i and output o are now spatially discrete
and represented as arrays of N x N pixels; depending on
the context, we also treat them as vectors. Please note that
the arrays i and o denote the discrete analogs of the spatially
continuous functions u and f; we use the different notation
to explicitly illustrate that point.

The intuitive connection to variational models becomes
even more apparent if we invoke Boltzmann’s law:

70T )}

 exp {—;(ED@O) + ES(O))} )

p(oli) o p(ilo) - p(0).

1
p(oli;T) = exp {—TE(O;i

“)

where E(0;1) is the posterior MRF energy, and Ep and Eg
are the respective MRF energies for the likelihood and the
prior. The “temperature” T" controls the shape of the distri-
bution (for notational simplicity, we assume 7" = 1 in the
following); the partition function Z(i,T") ensures normal-
ization. The goal of this paper is to develop an explicit for-
mal connection between the variational energy functional
E(f;u) from Eq. (1) and the posterior MRF energy F(o; i).

The key property of MRFs, e.g. of the prior p(0), is that
a node (here, pixel) is conditionally independent of the rest
(of the image) given its Markov blanket. By virtue of the
Hammersley-Clifford theorem [4], the distributions factor-



ize into products over the cliques C of the underlying graph

(0) = % HwC(O(c) = eXp{ ch O(e) } , (5)

ceC ceC
where o(. denotes all pixels belonging to clique ¢, 1).(-)
are the factors, and p.(-) are the corresponding potential
functions. In the most frequent case of pairwise MRFs, the
cliques consist of spatially neighboring pairs of pixels [9].
In high-order MRFs [e.g. 20], cliques consist of larger spa-
tial neighborhoods of pixels.

A wide variety of different algorithms have been applied
to MRF inference. Most often, the maximum a-posteriori
(MAP) estimate

o' = arg mgxp(o|i) = arg moin E(o;1i) (6)
is computed. In the continuous-valued case, gradient meth-
ods are frequently used, which again bears similarities to
the variational approach®. In the discrete-valued case, be-
lief propagation [35], graph cuts [5], and more advanced
variants [12, 31] have enjoyed enormous popularity in re-
cent years. As an alternative to MAP, it is possible to com-
pute the Bayesian minimum mean squared error (MMSE)
estimate, which has been shown to outperform standard
MAP estimation in the context of generatively trained mod-
els [25]. Finally, we note that a statistical MRF formula-
tion enables learning of model parameters [20], which is
paramount in complex models with many parameters.

3. Connecting Variational Models and MRF's

Previous work. The first connections between statistical
models, such as MRFs, and variational problems have been
developed early on. Szeliski [27] described a close relation
between quadratic regularization and Gaussian MRFs using
FEs. Starting from a ﬁrst order smoothness functional, the

membrane model [
/ / +fz,) dx, (7)

[277] uses linear FEs to derive the discretization
1
Es(o) = B ;(Ok-i—l,l —0k0)% + (k41 — 0r)?,  (8)

consisting only of forward differences. For image restora-
tion [27], moreover, proposes the data term

1
:izam(f(

m

- Zm)2 )

€))

T1,m; (E2,m)

2Note that while MRFs are spatially discrete, they may well be
continuous-valued, as in this paper.
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which is discretized as

Ep(i;o) ap, (ok, — ik,z)2

(10)
—1)TA(o — i).

The diagonal matrix A = diag{ay;|k,!} contains optional
weights. Combining the discretized data and smoothness
functionals results in a quadratic form F(o) = %OTBO —
o’d + e. Invoking Boltzmann’s law (cf. Eq. (4)) yields
the correspondence of the above functionals to a Gaussian
MRE. These well-studied MRFs result in an elegant frame-
work for computing estimates as well as their uncertainty
from the posterior. Beyond this case of global quadratic
regularizers, Kulkarni et al. [1 1] furthermore relate MRFs
and certain segmentation functionals.

While Szeliski [27] noted that non-quadratic regularizers
can, in principle, be related to probability densities through
Gibbs distributions, no explicit formulas for the potentials
nor study of feasibility was provided. However, modern
variational techniques tend to rely on non-quadratic penal-
ties, which are robust toward outliers [, 21]. Our key con-
tribution is to revisit this relation and generalize it to the
considerably more involved case of modern, non-quadratic
regularizers, as well as to provide concise formulas for the
equivalent MRF potentials.

Finite difference approximations. An approximate con-
nection between variational models and MRFs, which quite
surprisingly is rarely made, exists through finite difference
discretizations. To be implemented on a computer, en-
ergy functionals have to be discretized somehow, which fre-
quently happens using FDs [6, 16]. A standard FD dis-
cretization for the ROF model (Eq. (1) with ¢(y) = |y|)
is to use forward differences. E.g., Chambolle [6] considers

Z(Ok,l —ipa)?

k,l

+AY \/(0k+1,l = 0k1)? + (Ok 141 — 0k,1)%
]

FEror(0;i) = (11)

By defining appropriate prior potentials ¥7(0(.)) =
eXp{_)\\/(OkJrLl — Ok:}l)Q + (Ok,l+1 — Okyl)Q} with triple
cliques ¢ = {(k,1), (k+1,1), (k,1+1)} as well as per-pixel
likelihood potentials 1£; (ix 15 0x1) = exp{—(0x1 —ir,1)*}
an MRF whose energy is equal to Eq. (11) is given as

pror(oli) oc [ [ vk (ix.is ox.) H¢ (o). (12

k,l

Note that this MRF is not pairwise, since the prior potentials
1% involve 3 variables. The corresponding triple cliques are
illustrated in Fig. 1(a). One drawback of this FD approach



(b) Linear FEM

(a) FDM

(c) Bilinear FEM

(d) Biquadratic FEM

Figure 1. Factor graph structure of variational models. (a) Triple cliques of a standard FD discretization of the ROF model [6]; (b) Triple
cliques of linear FEs; (c) 2 x 2 cliques of bilinear FEs; (d) 3 x 3 cliques of biquadratic FEs (only one clique shown for clarity).

is that different discretizations lead to different approxima-
tive functions, and thus cannot be compared in terms of the
original variational objective. An implementation using fi-
nite elements with analytic integration, as is pursued here,
guarantees exact energy values in the sense that the original
energy functional is evaluated instead of an approximation
thereof.

Finite element (Ritz) approach. Variational problems as
in Eq. (1) are typically formulated for infinite-dimensional
function spaces F, e.g. the space of bounded variation [1].
To simplify the following treatment, we assume a generic
variational model

S(f;u):/gﬁ(f,u)dx — %1;1_ (13)

To be implemented in practice, either the energy needs to
be approximated in a finite-dimensional way (cf. Eq. (11)),
or the function space F over which the functional is min-
imized needs to be restricted. Such a smaller, restricted
space of solutions is typically defined in terms of a finite
set of basis functions by (x); the functions are consequently
determined by their basis parameters. In contrast to typical
approaches [18], we identify the basis parameters directly
with the pixels, which means that the spatially-discrete in-
put and output images, i and o, relate to the spatially-
continuous input and output functions, f and u, as

K K
u(x;i) = igbe(x) and  f(x;0) =Y opbr(x).
k=1 k=1

(14)
In this setting, the energy functional from Eq. (13) is equiv-
alent to a spatially-discrete energy E(o; 1)

E(fiu) = /Q £(f(x:0),u(x:)) dx = E(o;1), (1)

since the value of the functional only depends on the input
and the output image. Such explicit integration is a classical
approach and was described in an early work by Ritz [19].
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Connection to MRFs. To complete the connection to
MREFs, we opt for basis representations with local support,
such as FE representations [2], which have been used in im-
age restoration for a long time [29]°. We decompose the
domain Q C R2 into disjoint regions Q. (with Q = U,
and Q; N Q; = (0,Vi # j), such that each region is over-
lapped with the same number of local basis functions (note
that the regions €2, do not represent the support of the
bases b;). Then the values of the function on each re-
gion {2 are governed by those basis parameters that con-
trol the non-zero basis elements; we denote their indices as
c(k) C {1,..., K}. Consequently, we have that

E(fru) = /Q L(f(x;0),u(x;1)) dx (16)
K
= Z/Q L(f(x;0),u(x;i)) dx (17)

=
Il
—

L(f(x;o

k

c(k))a U(X; ic(k))) dx (18)

S~

M 11>

P(Oc(k)s ie(k))- (19)

=
I
—

This means that if we restrict ourselves to bases with lo-
cal support the energy functional £(f; u) is equivalent to an
MRF energy with cliques C = {c(k)|k = 1,..., K} and
potential functions

P(Oc(k)» ie(k)) /QE(f(x;oc(k))vu(x;ic(k))) dx,

(20)
where the cliques exert local control over the values on each
region (). Fig. 1 illustrates the factor graph structure of
the equivalent MRF for linear, bilinear, and biquadratic FE
bases. Fig. 2 shows the connection between the integration
region 2, and the respective cliques in the equivalent MRF.

3 The assumption of a basis representation with local control deserves
some discussion: On one hand real optical systems pose limitations that
make (piecewise) smooth functions appear very reasonable. On the other
hand, variational problems with sub-linear regularizing terms have been
shown to be ill-posed [ 1] in the space of functions with bounded variation,
yet work well in practice when restricting the function space as done here.



A key characteristic of our approach lies in the rigor-
ous realization of the Ritz method: We aim to eliminate
the domain variable x in Eq. (20) by explicit integration in
closed form, rather than making discrete approximations as
is frequently done [18]. We rely on FE bases of low degree
for this purpose, which allow closed form integration in a
number of important cases including non-quadratic regular-
izers. This not only yields closed form expressions for the
MREF potentials in such cases, but demonstrates that a di-
rect equivalence between large classes of variational models
and MRFs can be established assuming an implementation
with localized basis representations. The crux is of course,
whether the integral required to eliminate the domain vari-
able can be computed.

4. Implementation

To illustrate the connection between variational ap-
proaches and MRFs by use of the FEM in combination with
explicit integration, we discuss three different implementa-
tions of the basic image restoration model from Eq. (1).

Linear finite elements. Linear FEs rely on a triangular
subdivision of the domain (Fig. 2(a)), where each triangle
supports a planar surface that interpolates the pixel values
on three vertices. In contrast to [27], where the data term
was defined in a discrete fashion and only the spatial term
was integrated, we assume that both output and input are
spatially continuous and carry out an analytic integration. A
discretization of the function space by linear FEs and sub-
sequent analytic integration of the squared difference data
term from Eq. (1) yields a quadratic form 1 (0—i)TA(o—1),
where A is a sparse, positive definite, symmetric matrix*.
The matrix A is a non-diagonal band matrix, which reflects
the pixel correlation induced by the FEM. This is in contrast
to [27], where A is diagonal (¢f. Eq. (10)). We conclude
that the variational data term thus corresponds to a Gaussian
MREF likelihood p(i|o) with correlated pixels, and show in
Sec. 5 that this data term leads to increased performance.
Linear FEs are particularly advantageous since any type
of first-order spatial term (with an arbitrary penalty o(-))
becomes analytically integrable. This is because the partial
derivatives on the triangle elements are constant. As shown

in [24], explicit integration yields
1
Es(o) = 5 D e (015 =01, 01541 — 01)")
i,j<N
L 21)
*3 > (015 = 015,005 —015-1)")
i,j>1

which may seem unorthodox compared to standard FDs,
since the corresponding MRF energy contains a combi-
nation of forward and backward differences. Note that

4This and the following are derived in detail in [24].
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this does not become apparent in the previously considered
quadratic case (c¢f. Eq. (8)). It is also important to note that
in contrast to Eq. (8) the non-quadratic case results in high-
order cliques; the triple cliques of the corresponding MRF
prior are shown in Fig. 1(b). These properties are a rigorous
consequence of FE calculus, and the experimental results in
Sec. 5 further indicate a well-founded effect.

Since the main focus of this work is on bridging vari-
ational and MRF approaches to low-level vision, we fo-
cus on regularizers common in the context of variational
models. Due to its convexity, the total variation (TV) reg-
ularizer enjoys particular popularity [I, 6, 16, 21]. We
therefore choose it as main model for our implementation.
The TV model penalizes discontinuities by use of the Eu-
clidean norm ¢(x) = /2% + z3. To cope with the non-
differentiability at (0,0)T, a common relaxation is the func-
tion \/z% + 23 + €2 [7]. We will refer to this TV relaxation
as TV + e. Furthermore, we also consider an anisotropic
variant of TV (+ €), in which each partial derivative is pe-
nalized separately.

If we integrate TV + € using linear FEs as in Eq. (21),
the MAP estimate of the resulting MRF is readily obtained
by gradient descent. In the non-differentiable case of TV,
an effective method for inference is much less obvious. We
opt for an adaption of Chambolle’s fast duality-based al-
gorithm [6] to the FEM case: First, the spatial term con-
sisting of forward and backward differences gives rise to a
discrete gradient operator V : X — Y for spaces of matri-
ces X = RV*N and Y = RVX2N x RVX2N Tntuitively,
the first NV columns of Y accommodate the forward differ-
ences of V and the second N the backward differences. The
divergence operator div : ¥ — X is defined as the neg-
ative adjoint of the gradient operator (the exact formulas
for the gradient and divergence operators are cumbersome
but straightforward; see [24] for details). Furthermore, the
FEM-induced data term leads to the Euler equation

0c A(o— i)+ AIEs(0), (22)

where FEg(o) is Eq. (21) for ¢(x) = |x|, and OFy is the
subdifferential of F'g. By introducing the relation v =
+A(i — o), the solution can be obtained from minimizing

2 *
+ XES(V)7

9%

vTA—ly — T <‘) (23)
A

where E5 denotes the Fenchel conjugate of Eg. The char-

acteristic function property of Eg permits the solution of

Eq. (23) by optimization of the quadratic objective

94
viA=ty —vT </\1> subject to 24)

v e {div(p) : p €Y, |pi,;| <1} (25)

A fixed point algorithm for the completion of this task can
be derived via the Karush-Kuhn-Tucker conditions.
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Figure 2. FE implementation with local support and MRF cliques. One local integration area {2, is shaded. The relevant control points,
which also form one of the cliques of the equivalent high-order MRF are shown in bold red. Localized basis functions are shown in blue.

Bilinear finite elements. Beyond linear FEs, we can
also use bilinear FEs with square integration regions (cf.
Fig. 2(b)). A bilinear dependence on the domain vari-
ables relies on the patch-wise representation f(x;o0)
Z,le =0 Ck;tj.%'é:x';, where the ¢;, ; are linear combinations of
the 4 adjacent pixels o), which exert local control and give
rise to 2 X 2 cliques in the equivalent MRF (cf. Fig. 1(c)).
Bilinear finite elements enable exact integration in the case
of anisotropic TV + e. Explicit integration of the varia-
tional model leads to infinitely differentiable MRF potential
functions [24]. An anisotropic model with the non-convex
Lorentzian penalty log(1 + 22) [23] can also be explicitly
integrated to yield an equivalent, smooth MRF.

Biquadratic tensor product B-splines. Higher-degree
polynomial representations are also possible. Bi-
quadratic tensor product B-splines have the patch-wise form
f(x;0) = Zi,j:o crjaixl, where the coefficients cy
are linear combinations of the 3 x 3 clique of pixels o(.),
which exert local control (¢f. Figs. 1(d) and 2(c)). For this
choice of FEs, the anisotropic TV + ¢ model can be inte-
grated semi-numerically, i.e. exactly in one dimension and
approximately in the second. This approximation is math-
ematically rigorous and converges to the true integral. For
each step size of quadrature, the potential functions of the
corresponding MRF are smooth and allow inference by gra-
dient descent [24]. This derivation is also feasible for the
anisotropic Lorentzian model.

5. Experimentation

To demonstrate that the derived explicit connection be-
tween non-quadratic variational approaches and MRFs is
not only of theoretical interest, but also provides practical
advantages, we perform a series of image denoising ex-
periments comparing standard finite difference discretiza-
tions and the MRFs obtained from explicitly integrated FEs.
In both cases, the MRFs are derived from first-order vari-
ational models, however in case of FDs the equivalence
is only approximate, whereas it is exact for our FE ap-
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proach. As is typical in the literature [e.g. 17], we as-
sume i.1.d. Gaussian noise with known variance. We use
and compare two regularizers: (1) the differentiable TV +
€ penalty (¢ = 0.01, except in case of bilinear FEs where
€ = 1 is required for numerical stability), and (2) the non-
differentiable TV penalty. Unless otherwise mentioned,
we use an isotropic (i.e. gradient-magnitude based) regular-
izer. Restoration performance is evaluated using both peak
signal-to-noise ratio (PSNR) and the more advanced, per-
ceptually motivated structural similarity index (SSIM) [32].
For each permutation of method, noise level and metric, the
regularization parameter A was determined using an exhaus-
tive grid search on 20 separate training images by maximiz-
ing the performance of the respective metric. In case of
differentiable penalties, we compute the MAP estimate of
the posterior MRF using conjugate gradients [CG] . For the
MREFs derived using the non-differentiable TV model, we
rely on the popular duality-based method [DM]of Cham-
bolle [6], or a variation thereof (c¢f. Sec. 4). Note that for
the convex penalties considered here, applying inference
algorithms such as belief propagation or graph cuts will
likely not be beneficial. Nonetheless, the connection be-
tween variational approaches and MRFs developed here al-
lows to apply such inference techniques to variational prob-
lems with non-convex regularizers, or to move beyond MAP
estimation. We leave this for future work.

We evaluate the average image restoration performance
for a variety of models and methods on 68 images (as used,
e.g., in [20]). Tbl. 1 summarizes the results; Fig. 3 gives
a visual example. We make three main observations: (1)
When comparing the same variational model, the proposed
FE-MREF performs at least as well as the FD-MRF and in
most cases substantially better (approx. 0.1dB). (2) The TV
+ € penalty leads to consistently better results than stan-
dard TV regularization, which is in line with findings in
the context of optical flow [34], likely because staircasing
is avoided by a near-quadratic regularization near zero. The
performance of the bilinear FE-MRF versus a correspond-
ing FD-MREF is mixed, which may also be due to an ob-



(a) Full size image

(b) Image detail

o=25

(c) Noisy image, noise level

(d) FDM-MRF, TV + e,
[CG]

(¢) Linear
TV +¢€, [CG]

FEM-MREF,

Figure 3. Image denoising with a non-quadratic variational model and the corresponding MRF realizations. The FEM-MREF result exhibits

fewer speckle artifacts (best viewed on screen).

served numerical instability of the former. (3) By separat-
ing the contribution of the FE spatial term and the FE data
term, we find that each improves upon the pure FD-MRF.
The correlated data term contributes the strongest. For com-
parison, we also report results for two competitive denois-
ing approaches [17, 20], for which code is publicly avail-
able. While we note that the standard first-order variational
model does not perform at the level of these more sophisti-
cated techniques (or more recent ones [ 10, 13]), it is simpler
and enjoys widespread use to date.

One advantage of the derived equivalence of variational
models and MRFs is that we can apply probabilistic meth-
ods to variational models. Of the many possibilities, we
here consider sampling. Fig. 4 demonstrates standard
Metropolis sampling from the probabilistic model induced
by a variational formulation with a TV + € regularizer and
using the proposed linear FE-MRF. Samples from the pos-
terior can, for example, be used to estimate the poste-
rior mean (MMSE estimate) and the marginal variance (cf.
Fig. 4(c),(d)). In the future, posterior samples may also be
used to infer MAP estimates of non-convex regularizers via
simulated annealing. Fig. 4(e)-(h) shows how sampling the
equivalent MRF can also give insights into the generative
properties of the underlying variational model.

6. Conclusions

In this paper we investigated the connections of modern,
non-quadratic first-order variational models and Markov
random fields. Based on finite elements and explicit in-
tegration, we derived localized potential functions of an
equivalent MRF, which provided a rigorous connection be-
tween the two approaches. We demonstrated the feasi-
bility of the approach with several examples, and adapted
a duality-based inference algorithm to MAP inference in
MREFs derived from FE implementations of TV-based varia-
tional models. Moreover, we gave an experimental analysis
of the derived connection in an image denoising applica-
tion, where we found improved performance compared to
standard discretization schemes for variational models. Fi-
nally, we illustrated the connection to probabilistic models
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by sampling the equivalent MRF prior and posterior. Fu-
ture work should consider applying probabilistic learning
and inference to the MRFs equivalent to the variational for-
mulation, such as learning the penalty function, perform-
ing MAP estimation for non-convex penalties, or carrying
out MMSE estimation, e.g. by variational inference. In ad-
dition, the established connection allows to investigate the
generative properties of variational models (¢f. [25]). Fu-
ture work may also consider second-order priors and other
problem domains, such as correspondence problems or seg-
mentation.
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